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Abstract 

t*"^ ■ We show that a new integrable two-component system of KdV type studied by Karasu 

^D , (Kalkanh) et al. (arXiv: nlin. SI/0203036) is bihamiltonian, and its recursion operator, which 

has a highly unusual structure of nonlocal terms, can be written as a ratio of two compatible 
ZJ • Hamiltonian operators found by us. Using this we prove that the system in question possesses an 

^j . infinite hierarchy of local commuting generalized symmetries and conserved quantities in invo- 

^v^ I lution, and the evolution systems corresponding to these symmetries are bihamiltonian as well. 

CN ' We also show that upon introduction of suitable nonlocal variables the nonlocal terms of the 

recursion operator under study can be written in the usual form, with the integration operator 
, D^^ appearing in each term at most once. 

Ph ! Using the Panileve test, Karasu (Kalkanh) IJ and Sakovich ^ found a new integrable evolution 

system of KdV type, 

Ut = Au^xx - Vxxx - l2uUx + VUx + 2uvx, ,^- 

CN ■ ^i = ^^xxx - 2V:^xx - l2vUx - QuVx + AvV^, 

^ i and a zero curvature representation for it j2] . Notice that this system is, up to a linear transformation 

^1 oi u and v, equivalent to the system (16) from the Foursov's |3j list of two-component evolution 

\^ ■ systems of KdV type possessing (homogeneous) symmetries of order k, 4 < k < 9. 
O ■ Karasu (Kalkanh), Karasu and Sakovich ^ found that (P) has a recursion operator of the form 



m 



Rn Ri2 
R21 R22 



where 



O 

'a 
> 

'^ : Rn = SDl - 6m - 3uxD-\ 

c5 : R12 = [-2DI + (2m + 3v) Dl + (8m, - 4m,) Dl + (7m,, - 6m,, + Au" - 6mm) D, 

-2m,,, + 2m,„ + 6mm, - 3mm, - 4mm, +m,D~^ o m,] o {?>Dl - AvD^ - 2m, )^ , 
i?2i = QDl + 6m - 9m - 3m,D-\ 

i?22 = [-3DI + (12m - 18m) Dl + (18m, - 27m,) Dl + (14m„ - 21m,, + I2u'^ +12mm - Om^) D, 
-6m,,, + 4m,,, + 12mm, + 6mm, + 6mm, - 9mm, +m,D~^ o m,] o {3Dl - AvDr, - 2m,)" . 

Here D, is the operator of total x-derivative: 

00 
D, = d/dx + u^d/du + v^d/dv + ^(mj,9/9m(j_i), + Mj,9/9m(j_i),), 

Ukx = d'^u/dx'', and m^, = d'^v/dx'', see e.g. jS] for further details. 



Let also 



6/5u = d/du + ^(-D^)^'9/9mj-^, 6/6v = d/dv + ^(-D^)^9/9' 
i=i i=i 



"Vjx- 



We shall use the notation u = {u, v)'^, and 6/6u = {6/6u, 5/5vY will stand for the usual operator of 
variational derivative, cf. e.g. [S]. Here and below the superscript T denotes the matrix transposition. 
Recall that a function that depends on x, t, u, v and a finite number of Uj^ and f ^^ is said to be local, 
see e.g. ISHH]- 

Because of the nonstandard structure of nonlocal terms in IH the known 'direct' methods (see e.g. 
[H El ini QQ] and references therein) for proving the locality of symmetries generated by 9^ are not 
applicable, so the question of whether (^ has an infinite hierarchy of local commuting symmetries 
remained open for a while. It also was unknown whether (Q) is a bihamiltonian system. 

We have |1] 9^ = 9Jt o 91^^, where 071 and 91 are some (non-Hamiltonian) differential operators 
of order five and three. Inspired by this fact, we undertook a search of Hamiltonian operators of 
order three and five for (P), and it turned out that such operators do exist and (^ is bihamiltonian. 
Namely, the following assertion holds. 

Proposition 1 The system (QJj is bihamiltonian: 

ut = ^i5Ho/Su = %io5H,/6u, (2) 

where Ho = —3u + v/2, Hi = 2n^ —uv + v'^/9, and ^o '^iT'd ^i are compatible Hamiltonian operators 
of the form 

Dl - 2uD, -U, \ cyy f Pll Pl2 



where 



^°"^ ^ o' "^ -9D3 + 12i;D. + 6t;,. J'^P^- ( P21 P22 '' ^^^ 



Pii = Dl- AuDl - 'ou^Dl + 4(^2 - u^^)D.j, - u^.^.^ + 4um^ - u^D^ ^ o u^, 
P12 = IDl - (2u + •iv)Dl + 4(u, - 2v.,)Dl + (6u,, - Iv^^ - Au^ + Quv)D, 

+2Uxxx - 2Vx:rx " QuUj, + ^VU^; + 4Mf^. - M^.-D~^ O Vr,, 

P21 = 2Dl - (2m + 3v)Dl - (10m, + v^)Dl + {-Au^ + Guv - 8u,,)D, 

-2uxxx - 2uu^ + 3mm, + 2mm, - m,P)~^ o m,, 

P22 = 3Dl + (18m - 12m)P>^ ^ (27m, - 12m,)P'2 ^ (^21m,, - 14m,, - 12m2 - 12mm + Qm^)/}, 

+6m,,, — 4m,,, — 12mm, — 6mm, — 6mm, + 9mm, — v^D'^ o m,. 

Moreover, we have 91 = 3^i o ^q"^, and hence 9^ is hereditary. 

Now we are ready to prove that (^ has infinitely many local commuting symmetries. 

Proposition 2 Define the quantities Qj and Hj recursively by the formula Qj = ^i5Hj/5u = 
^oSHj+i/6u, j = 0,1,2,..., where Hq, Hi, ^q O'lT'd ^1 are given in Proposition U\ Then Hj, 
j = 2, 3, . . ., are local functions that can be chosen to be independent of x and t, and Qj are local 
commuting generalized symmetries for (QJj for all j = 1, 2, . . .. 

Moreover, the evolution systems Ut . = Qj are bihamiltonian with respect to ^1 and ^0 by con- 
struction, and Tij = j Hjdx are in involution with respect to the Poisson brackets associated with 
*Po <^"^ ^1 for all j = 0, 1, 2 . . ., so Hj are common conserved quantities for all evolution systems 
Ut^ = Qk,k = 0,1,2,.... 



Proof. Let us use induction on j. Assume that for Qj = ^i6Hj/6u there exist a local function 
iifj+i such that Qj = '^o6Hj^i/6u and dHj+i/dx = dHj^i/dt = 0, and let us show that then 
Qj+i = '^i6Hj+i/Su is local too and there exists a local function -ffj+2 such that Qj+i = ^o^-f^i+2/^'" 
and dHj^2/dx = dHj^2/dt = 0. 

Since Hj is independent of x, we have 

As Hj is local by assumption, the sum is actually finite, so D'^^iuxSHj/Su + v^SHj/Sv) is a local 
expression, and hence Qj+i = ^i6Hj/6u is local too. 

Next, as Qj+i = ^i5Hj^i/Su, Qj = ^qSHj+i/Su, and 9^ = 3^i o ^q""*^, we can (formally) 
write Qj+i = {l/3)yiQj, cf. e.g. Section 7.3 of |S]. As 9^ is a recursion operator for ((T)), its Lie 
derivative along Qq vanishes: Lq^IJK) = 0. By Proposition [T] 9^ is hereditary, so we have [TT] 
LQ^^.m = (l/3)^+iL^.+ig„(lK) = 0, whence Lq^^,{^o) = 3Lg^^,(9^-i o^O = S^l'' o Lq^^^{^,) = 
39^-1 o L<:p,sH,+^/sMi) = 0, cf. e.g. ^. 

In turn, Lq.^^{^q) = implies that there exists a local function i/j+2 such that Qj+i = 
^q5Hjj^2/^u. This is proved along the same lines as in |13| for the second Hamiltonian struc- 
ture of the KdV equation. Finally, as the coefficients of ^0 and ^1 are independent of x and t, it is 
immediate that we always can choose i^j+2 so that it is independent of x and t. 

The induction on j starting from j = and the application of Theorem 7.24 from Olver j3] 
complete the proof. D 

For any local H such that dH/dx = we shall set, in agreement with (0)) (see e.g. J^- J7] for 
more details on dealing with nonlocalities). 

Then, for instance, the first commuting flow for (^ reads 

Mti = 2m5^ - (5/9)t;5^ - 20uuc,ccx + i50/9)uv^^^ + {40/9)vUccxx - il0/9)vvccxx 
-50u^u^^ + {125/9)u^Vxx + {4:0/3)vr,u^^ - (10/3)t;^t;^^ - {A0/3)vuUx + {20/9)vuVx 
+40uV - i80/9)u'^v^ + {5/9)v^u^, 

vti = Swsa; - {4:/3)v5r, - AOuUxxx + '^Ouv^xx + {10/3)vur,a:x " (5/9)t;t;^^^ - 120uxU^^ 
+30uxVxx + {80/3)vxUxx — {55/9)vxVxx + {l60/3)vuUj: — 2QvuVx + {'iQ/3)v?Vx 
-(40/3)t;V + {3h/9)v'^Vx. 
By Proposition 12 this system is bihamiltonian, and indeed we can write it as 

ut, = "^^idHi/du = ^oSH2/6u, 
where 

^^=162" "3" -g^^+Y^^-^^ + r^'"^'-^^- 
As a final remark, notice that if we define nonlocal variables by means of the formulas w, y, z 

Wx = y, wt = -{2/3)wVx + 3wux + {A/3)yv - 6yu, 

y^ = wv/3, yt = {2/3)yVx - 3yUx + {A/9)wv'^ - 2wvu - (2/3)u7t;^^ + 3wUxx, 

z, = l/w\ zt = -{2l3){-2v + 9u)/w\ 

3 



then using the results from ^H] we can rewrite Dl in the standard form, with D ^ appearing in each 
term at most once: 

Here 7^^ = (—3, 1/2), 7^, = (0, ly^z""^), a = 2, 3, 4, are nonlocal cosymmetries for (P), Ki = {u^, v^)'^ 
is a local symmetry of (P, and K^-, a = 2, 3, 4, are nonlocal symmetries of (P) of the form 

K2 = {-^{du^xx - ^Vxxx - 27uu^ + 21vu^ + 12uv^ - hvv^)w'^z^ + ^(-54m^^ + Ihv^^ 
+36^2 - aOwt; + 4:v'^)wyz'^ + ^(-lOSu^,^ + 30t;^^ - 9'dy'^zUx + 24|/2;2t;^ + 72^^ - muv + St;^)^ 
+i2;y(-33M2, + %v^)/w + (-^M:e + |fx)w"^ -|(9M^-a-a- - 3t;^.^.^. - 18(m - f )m^ + gMt;^; - Avv^)w'^z^ 
+ \{—Q'iUxx + ISfxx + 36n^ — 361x1; + 5v^)wyz'^ + |^(36f^2; — 126m^^ + i/^2;(39t'a; — 162'Ua;) 
+72(^2 - uv) + 10v'^)z + lzy{-5Au^ + I3v^)/w + {-9u^ + fv^)w-'^y, 

K3 = {§^{9Uxxx - 3Vxxx - 27uUx + 21vUx + l2uVx - 5vVx)w'^Z + 2Uxx - \Vxx 

-^{-hAuxx + l^v.^x + 36^2 - 30Mf + Av'^)wyz + {y'^z + ylw){^Ux - ^Vx) - fw^ + ^uv - ^v^, 
li^u^xx - 3v^xx - 18(m - v)u^ + 9uv^^ - Avv,^)w^z + 7u^^ - 2v,^,^ - |(-63m^.^ + l%v^^ 
+36^2 - ?,Quv + 5v'^)wyz + ISy'^zu^ - ^y'^zv^ - \{-hAu^ + l?,v^)y/w - Au^ + Auv - |f^)^, 

K4 = {{-\uxxx + l^xxx + wtix - Ivux - ^uvx + ^vvx)w'^ + ^(-54^:^^ + 15t;^^ 

+36^2 - "i^uv + Av^)wy + 3|(-33Ma; + St;^;)?/^ (-w^^^r + \v^^^ + 2mm^ - 2vu^ - uv^ + |wa;)w^ 

+ |(-63m^^ + 18f^^ + 36^2 - ^Quv + 5t;2)wi/ + \{-hAux + 13t;^)y2)r. 

It would be interesting to investigate the properties of nonlocal symmetries Q^j = dK^{Ka), 
j = 1,2, . . ., a = 2, 3, 4, and in particular to find out whether the commutators of Q^j with local 
symmetries Qj^ yield any new symmetries for (jT)). We intend to address these and related issues 
elsewhere. 
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